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Singularities in Three-Dimensional Turbulent Boundary-Layer
Calculations and Separation Phenomena
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The possibility of the occurrence of singularities in three-dimensional turbulent boundary-layer calculations in
the direct mode is studied here. For this, the system of the entrainment and global momentum equations is used
and it is shown that the system is totally hyperbolic. It is demonstrated that singularities can be formed by
focusing of the wall streamlines which are also characteristic lines of the system of equations. It should be
emphasized that such a wall streamline configuration should not be confused with the separation phenomenon.
An analogy is established with the unsteady two-dimensional case for which singularities are also formed by
focusing of the characteristic lines. The singularities are avoided in the inverse mode. The formulation and
implementation of the method are presented and an application to an experimental case with separation is

discussed.

I. Introduction

HE determination of separated regions in three-

dimensional flows on regular surfaces is linked to the
topology of the wall streamlines. In order to determine them,
the most convenient theoretical means is to calculate the
boundary: layer. In a classic way, such a calculation consists
of determining the boundary-layer development from a
prescribed external flow. However, in the simplest case of a
two-dimensional flow, such a technique leads to a singularity
at the zero skin-friction point. The practical effect of this
singularity is to produce physically unrealistic solutions in
which the derivatives of certain boundary-layer characteristics
become infinite.

In three-dimensional flow, the existing analyses tend to
prove that singularities can also occur but their structure is
not as well understood as in the two-dimensional case.
Moreover, several authors have confused numerical break-
downs with real separation lines and a lot of misun-
derstanding has resulted. Actually, a separation line must
have properties of regularity! and should not be confused
with a singularity line.

Several authors claim that the difficulty arises from an
improper use of the boundary-layer equations that would no
longer be valid near separation. Such a conclusion seems to be
wrong, because, in the two-dimensional case, it has been
demonstrated that the singularities are avoided by using the
so-called inverse methods.?3 It must be remembered that in
the direct mode the external velocity is prescribed, whereas in
the inverse mode the external velocity is an unknown and
boundary-layer parameters, as, for example, the displacement
thickness or the skin-friction, become data. It is logical to
think that things are similar for the three-dimensional case.
Then, there is no reason for the wall streamlines to be singular
near and along a separation line.

In order to analyze the listed problems correctly, it is im-
portant to know the conditions under which singularities can
occur in the direct formulation of a boundary-layer
calculation procedure. It is also important to define the nature
of these singularities.
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The present study has yet another aspect. In the two-
dimensional case, it is known that the singularities have ef-
fects upstream of them although they have a local character;
in effect, near a singular point, the solution becomes sensitive
to a lot of parameters like, for example, the numerical ap-
proximation. Then, it would be misleading, when analyzing
calculation models, to confuse modeling inaccuracies with
difficulties due to the proximity of singularities.

To avoid the singularities and the subsequent difficulties, it
is interesting to proceed in an inverse mode. This method can
be used profitably in the following flow situations, though
they do not constitute an exhaustive list.

1) The inverse mode can be used near the separation region
or in zones including separated flows, when one wishes to
adjust a calculation model by comparing the results of the
computation with those of an experiment. In this case, the
experiment must include boundary-layer measurements which
are used as data in the calculation. Then the calculated and
experimental characteristics of the external flow are com-
pared.

2) It can be used when viscous and inviscid flowfields are
solved simultaneously.

3) It can be used in design problems: starting with certain
prescribed boundary-layer parameters it is possible to obtain
the external velocity distribution by an inverse method applied
to boundary-layer equations; subsequent application of the
inverse method to Euler’s equations give the airfoil coor-
dinates.

4) It can be used in an iterative calculation with an op-
timization of the boundary-layer characteristics® in order to
approach, as closely as possible, a prescribed external flow by
rejecting all solutions with singularity; in fact, the difficulty
consists in defining precisely the meaning of ‘‘as closely as
possible.”’

All the formerly mentioned problems, viz., analysis of
singularities in the direct mode, elaboration of an inverse
method, etc., will be examined for turbulent flow by means of
an integral method. The study is similar to the one carried out
in unsteady two-dimensional flow. 7-8

The analysis being performed with global equations is not
exactly identical to the solution of the local equations, since
the method is based on a set of closure relationships.
However, the accuracy of the results is good both regarding
the comparisons with experiment and the mathematical
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behavior. For instance, the features of singularity in two-
dimensional flow compare well with those of the Goldstein
singularity. Therefore, we believe that a high level of
similarity with the local equations can be attributed to the
global equations, taking into account the adopted relation-
ships.

II. Analysis of the Direct Mode

The integral method for three-dimensional turbulent
boundary layers uses the entrainment and global momentum
equations. In Ref. 9, the equations are presented in a general
coordinate system with arbitrary metric coefficients.
However, the properties of these equations are clearer if
streamline coordinates are used because the closure
relationships have been established in such an axis system.
The x axis coincides with the projection on the wall of the
external streamline and the z axis is orthogonal to the
streamline in a plane tangent to the wall, the y axis being
orthogonal to the wall.

Equations

Before writing the global boundary-layer equations, let us
specify the notations.

In these equations, 3/9s and 8/8n represent the derivatives
(1/h;)(8/3x) and (1/h,)(0/9z) where x and z are the
generalized coordinates defined in the streamwise and
crosswise directions; #; and h, are the associated metric
coefficients. K, and K, the geodesic curvatures of the x and z
lines, are related to the metric coefficients by the formulas

1 oh,

oh, _ 1 dh,
h,h, dx

2" " hh, Bz

K, =

If the external flow is isenthalpic and free of shock, we have
V,xcurl V,=0
Hence the vector curl ¥, is either zero or parallel to V,. In

both cases, its component along y is zero. In the streamline
coordinates, we get

=0

—h,u
hh, 37 1°
and thus

1 9du,

2T uh, oz

Let u and w be the streamwise and crosswise components of
the velocity in the boundary layer. We define the following
integral thicknesses which are contained in the global
equations:

B 8
61=S0(1—u/ue)dy 0,,=§0u/ue(1—u/ue)dy H=4§,/0,,

5 5
8,= SO —w/u,dy 6,,= So —w?/uldy

5 5
0, = SO —wu/uldy 8,= So w/u,(1—u/u,)dy

where 6 is the boundary-layer thickness. Cy, and C, are the
skin-friction coefficient components

Cs_ Tws Cpm_ Twm
2 pul 2 pui

We also define the angle B, between the limiting wall
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streamline and the external streamline

w C
tang, =lim ~ = -2

y=o U Cfs
For an incompressible flow, the streamwise and crosswise

global equations of momentum, and the entrainment equation
arel0

H+2 a6
o (2 )

ds on

2 du 1 du
+0,2(Z3;" —2K2)+62(;— ane —Kz) +K,8,, 4}

e

c, a6 2 du
=Tt 0 (5 2K) K (D)
e
ol 2 du
+ o 40550 ) @
e
a6 v, 9(6—4;) 1 du
LA ) (— "—K)
as u, ds ( 2 u, os !
a6, (1 du, )
an % u, on K ®

Closure Relationships

The three global equations {Eqs. (1-3)] contain the
following ten unknowns: the thicknesses 8, 8,, 6,, 6,,, 6,,, 9,5,
0,,; the skin-friction coefficient components Cy., Cp,; and the
entrainment coefficient Cy= (36/8s) — (v,/u,). From the
definition of 8,,, 8,, and 0,,, we have only one additional
relationship

0,,+9,=0,

Therefore, it is necessary to add hypotheses to arrive at a
closed system. To this end, we have used similarity solutions, ¥
the analysis of which leads to a set of closure relationships
which depend on the three following parameters:

H-1 pU,0 8,/8
G=—re—oo ®, ="M p__ 72
HJC /2 Ty K,

These full closure relationships are not necessary for the
present purpose and hence are not reproduced here; they are
discussed extensively in Ref. 9. We will rather use ap-
proximations for high enough values of G corresponding to
mild or strong positive streamwise pressure gradients. Though
not sufficient for an accurate calculation, they are acceptable
for the present analysis. Such a procedure has been adopted to
simplify the algebra.

An important relationship expresses the factor H* = (56—
8,)/8,, as a function of the shape parameter H=3§,/8,,. The
similarity solutions show that H* is also a function of the
Reynolds number G,,,, but this effect is negligible for
positive streamwise pressure gradients. The simplified form
of this relationship is written as follows:

_8-8, oaH’+H
T8,  H-I

H* (x=0.631) “

Moreover, the relationships between the crosswise thicknesses
are expressed by means of an additional unknown C which



978 J. COUSTEIX AND R. HOUDEVILLE

will be defined later

]
% _ _cH 2 =C(H-1)
011 011
9
br ¢ Z2-_crm-1) ©)
0, 6,

Hypotheses (5) are equivalent to assuming that, in the
hodograph plane the profile w(u) is linear in the external
region of the boundary layer with a slope C

w u
w=<t-3)
u, u,

Although the rule is not general, the polar plot often appears
as indicated in Fig. 1. Obviously, the hypothesis of linearity is
wrong near the wall because of the no-slip condition, but the
concerned region is very thin even if the maximum of w
corresponds to values of u/u, in the range 0.5-0.6. Then, the
resulting error in the estimated thicknesses is negligible and
unlikely to affect the analysis.

For an actual boundary-layer calculation, additional
relationships for Cg, Cy, and Cj, are necessary. However,
they do not play any role in the study of the properties of the
global equations as they do not involve derivatives of
boundary-layer parameters. It is, therefore, not useful to give
them here.

Nature of the System of Equations

Taking into account the proposed closure relationships,
only three main unknowns are present in the global Eqs. (1-3).
Their choice is arbitrary and we have adopted §,, 6,,, and C.
With these functions, Egs. (1-3) become

a6, a0,, 35, aC
— —-C—= —= +(8,—0,;) — =A 6
as 6n+ an +(8 ”)611 ! ©
a6 a6 ad aC ac
—cH yor 2L g, — —-2C(8,-6,,) — =A
as + dan on 61 S (1 “)6n 2
)
a9, 84, 35, aC
H*-HH*') — +H* —+(C—~ — =A
( ) as + as + on +o, on 3 ®
with
dH*
H*I=
dH
and
C H+2d3u
A1=—2L_0”< u ase _KI) —K10z
e
C 2 du 6,, ou,
A=t - 2,(783—59—2K,) — Kb (H+1) - 2

e

1 du
A, =Cp—(6=5 (— "—K)
3 E ( 1) u as 1

e

Equations (6-8) constitute a system of first-order linear

partial-differential equations, the nature of which is studied

by means of the characteristic equation. It must be noted that

8Cfs, Cy., and Cg are included in the right-hand side of Eqs. (6-
).

Let 1/\ be the slope of a characteristic line in the earlier
defined external streamline axis system. So, the angle between
a characteristic line and the external streamline is tan ~Z(1/\).
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Fig. 1 Simplified polar plot.

Here, N is the solution of the following characteristic
equation:

C3N3 —C2V<(H_1) (H*~HH*' +H*' —1) +1>

H-1

+C\ 0

(H*—ZH *r 42 *'~1)+ H*
H-1 H-1

With the help of the relationship Eq. (4), the coefficients of
this equation can be expressed as functions of H alone. We get

2aH —aH?
C3)\3—C'2)\2( +3) +C)\( aH? +4aH+3)

H-1 (H-1)?

aH? —2aH~1

= ©)
(H-1)

It is easy to verify that a root of the preceding equation is

O\ =—-L2 (10)

where «; is related to a through: o;=~a+ (a’+a)”
(=0.631; o; =0.383).
Then the characteristic equation takes the form
(C)\_I——aIH (Cz)\z__H(2a+a1)+2C)\
H—-1 H-1

(/o) )H+1YN
(H-1)? )“0

The other two roots are

1

O\ = ——
2T H-1

(11

Qo+, )H+1

Ch, =
3 H-1

(12)

This calculation of the roots of the characteristic equation
leads to the following conclusion: since the roots are real and
distinct, the set of global equations is totally hyperbolic.
Qualitatively, these results are identical to those given by
Myring!® who has developed a similar analysis by using
slightly different closure relationships.

Before discussing the consequences, it is worthwhile
specifying the configuration of the three characteristic lines.
Of particular importance is the root A, for it defines a line
which can be identified with the wall streamline.

We recall that 3, is the angle between the wall streamline
and the external streamline. Among the set of closure
relationships deduced from the similarity solutions,® one
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relationship enables us to calculate 8,. For high enough values
of the Clauser parameter G, this relationship can be simplified
and is expressed by?:

C(H-1
tang, = %’;ﬁl (13)

where v is a coefficient for which we have proposed the value
v=0.438 (Ref. 9).

The wall streamline and the )\,—characterlstlc line are
identical if they form the same angle with the external
streamline, i.e.,

tanB,=1/\,

Therefore, Egs. (10) and (13) show that the identity is
rigorous if a; =+. In fact, the values of «; and vy are close to
each other and a slight adjustment of the previously proposed
relationship for 8, would be sufficient to arrive at complete
agreement. The other two characteristic directions lie between
the external streamline and the wall streamline as shown in
Fig. 2.

The properties of the global equations were foreseeable
intuitively. In effect, it has been shown that the set of the local
boundary-layer = equations (continuity and momentum
equations) possesses a system of an infinity of sub-
characteristic directions which are the boundary-layer
streamlines.!! The effect of working with integrated
equations is to decrease the number of characteristic lines
because the number of unknowns is smaller. This number
depends on the number of global equations. We can imagine
the use of additional equations, for example equations of
moment of momentum up to any order. Then the number of
characteristic lines would be increased in the same way as the
number of unknowns. However, the main features of the flow
are described correctly by using only three global equations.
Particularly, it is important to have identified a characteristic
line with the wall streamline; at the same time we underline
the coherence of the proposed closure relationships.

Practical Considerations for the Integration of the Equations

The hyperbolicity of the set of global equations leads to the
concept of domains of dependence and influence; it dictates
the specifications of the boundary conditions in order to
calculate the boundary layer in a prescribed domain. Briefly,
it is sufficient to say that as many boundary conditions as
characteristic lines which enter the domain of calculation are
needed. Then, it is clear that a rule is found, equivalent to that
which must be observed if the local equations are used.

Another important consequence of the hyperbolicity of the
set of the global equations is the choice of a numerical scheme
compatible with the characteristic directions. For example,
the use of noncentered finite-difference approximations for
the crosswise derivatives or the integration step in the case of
certain explicit schemes must take into account the sign and
the values of the roots \;, \,, A;.

wall streamline \\
and A~ characteristic lmJ’ N

Fig. 2 Configuration of the characteristic lines; — external
streamline, ——— A ;-characteristic or wall streamline.
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Singularities

In this section, we shall specify the conditions under which
singularities can occur in a three-dimensional boundary-layer
calculation in the direct mode. Before dealing with this
problem, it is useful to recall briefly the results of the two-
dimensional case in order to understand how they constitute a
particular or degenerate form of the three-dimensional one.

The two-dimensional equations are obtained from
Egs. (6-8) by setting C=0. The crosswise momentum
equation becomes trivial and the entrainment and streamwise
momentum equations are written as

a9,
— =A] 14
% 1 14
(H*—-H *’)80” H’”a(S =A; 15)
as as 3
with
C H+2 ou 6—95, ou
Aj=—L -9 £ Aj=Cp-——~L—
= 2 oy as 3 £ u as

e e

Equations (14) and (15) constitute a system for two unknowns
(09,,/3s) and (36,/0s) the determination of which enables
us to construct locally a solution from the initial data.
Generally, a solution exists but a difficulty will arise if the
determinant of the system Eqs. (14) and (15) is zero, i.e., if
H*’ =0. In this case, the derivative (38,/ds) will become
infinite unless Eqs. (14) and (15) are compatible. The com-
patibility relation is A;=Aj;/H*. In this hypothesis, the
system is indeterminate but this eventuality is highly im-
probable if the boundary-layer equations are solved in the
direct mode. So, at the point H*’ =0 the solution is such that
(94, /0s) is generally infinite which is not physically possible.
Relationship Eq. (4) shows that this point corresponds to a
critical value of the shape parameter around H, =2.6. Among
the set of closure relationships of Egs. (14) and (15), one
relationship enables us to calculate Cy, (Ref. 12). It has been
shown!? that the condition C,=0 is obtained when
H=Hcf=0=2.35. In fact, a slight adjustment of the closure
relationships would be sufficient to equalize the two values H,
and HC ) of the shape parameter. So, the integral method
behaves in a way similar to the Goldstein singularity of the
local equations.

In three-dimensional flow, there is no reason for the point
H*' =0 to be singular, in general. At such a point, the
characteristic equation shows that there always exists three
real, and distinct, characteristic values. The passage through a
point H*’ =0 implies only the incipient occurrence of an
influence from downstream to upstream because the wall
streamline becomes orthogonal to the external streamline
(Fig. 3).

M
- — - - — Ue
\ H > Hc
NN
\l
Ue
H= Hc
?\1 -
///
2 Ue
H<H,
Fig. 3 Passage through a point H*’ =0 in three-dimensional flow;
— external streamline, ——— X ;-characteristic or wall streamline.
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Fig. 4 Particular case in three-dimensional flow.

However, we can give a purely three-dimensional example
in which the point A*’ =0 is singular. It is the flow over a flat
plate on which a symmetric cylinder is set orthogonally (Fig.
4). The upstream velocity is parallel to the plate and to the
plane of symmetry of the obstacle. Separation occurs in front
of this obstacle, and from the plot of the wall streamlines a
separation line can be defined which intersects the plane of
symmetry orthogonally at the point A.

The flow in the plane of symmetry does not obey purely
two-dimensional equations because they contain nonzero
crosswise derivatives of the crossflow. Nevertheless, the
equations show that the point A, where H*" =0, (C,=0) is
singular. In the immediate vicinity of this point, the wall
streamline is orthogonal to the plane of symmetry and it is
interesting to note that the proposed law for 8, [Eq. (13)]
accounts for this situation. In effect, Eq. (13) indicates that 3,
is equal to 90 deg if H=1/+. The given value of y (y=0.438)
leads to H=2.28. If we took «,=+v=0.383, the angle 8,
would be equal to 90 deg for H=H,=2.6 (H*' =0) and we
would obtain a rigorous coherence.

Generally, in the three-dimensional case, the singularities
are not local. They must be sought rather in configurations
leading to a focusing of the characteristic lines belonging to
the same family. More precisely, they are the lines defined by
A, i.e., the wall streamlines which are likely to focus. They
may, then, possess an envelope that is not a wall streamline
and that defines a physically meaningless singular line.

To emphasize such a phenomenon, we present an example
of calculation in which it occurs. The basis is an experimental
study by Lindhout et al. 3 This experiment has been used as a
test case for a workshop on three-dimensional turbulent
boundary layers held in Amsterdam (Sept. 197914).

The objective was to calculate the boundary layer
developing on a wing-root. The data consists of the
magnitude and direction of the velocity in inviscid flow.
Boundary-layer characteristics were given as initial data along
a starting line close to the leading edge. The calculations were
performed by using full closure relationships that are more
accurate than those given by Eq. (4) and (5). The computed
wall streamlines are shown in Fig. 5. This figure also shows
the external streamlines and the contours of the leading and
trailing edges.

The experimental results, based on wall flow visualizations,
are in good agreement with the calculations except in the
vicinity of the calculated singular line. In effect, the ex-
periment indicates the existence of a three-dimensional
separation but the separation line is not at all singular. Unless
examined carefully, the calculated pattern of the wall
streamlines near the singular line could be confused with the
experimental pattern near the separation line. However, such
an interpretation of the experiment would be wrong because
the experimental separation line is regular. We shall come
back to this later and show that the calculated singularity is
physically meaningless.

Finally, in the domain (x/b >0.3; z/b>0.2) we note the fan
shaped pattern of the wall streamlines. It is easy to imagine

Fig. 5 Three-dimensional turbulent boundary layer; plot of the wall
streamlines. Examples of calculation with singularities in the direct
mode.

the existence of a dividing line which is also revealed by the
experiment.

Analogy with the Unsteady Two-Dimensional Boundary Layer

To analyze the singular behavior of the equations
thoroughly, it is helpful to compare the steady three-
dimensional case with the unsteady two-dimensional case; an
analogy exists between them.

First of all, we recall the results obtained in the unsteady
case.” The basic equations are the entrainment equation and
the global momentum equation. For an incompressible flow,
they are

18 3 v

L 2, (6=8,)=C, with Cy=2 _ e

u, axue( ) £ With Cg o u, (16)
00 H+20u, 13, _C 7
ax U u, ax TuzariT )

Let us note that the steady two-dimensional Eqs. (14) and (15)
are in fact a special case of the preceding equations.

This system involves five unknowns: Cp, C,, 6;, 6, and 6.
The closure relationships have been obtained from similarity
solutions extended to the unsteady case. They are a priori
functions of two parameters, the Clauser parameter G and the
Reynolds number ®,,,. However, for positive pressure
gradients these relationships can be simplified in order to
facilitate the study of the properties of the equations. Par-
ticularly, in the relationship between H*=(6—4§,)/0 and
H=4§,/0, the influence of the Reynolds number becomes very
small. This relationship is the same as that for the study of the
three-dimensional case {Eq. (4)].

aH?+H
HYf=—— =0.631
o1 o 3

On the other hand, the similarity solutions have shown that
the entrainment coefficient Cy is expressed as

1 46
Cr=Crg u, ot
where Cp is the same algebraic function of G and ®, as in the
steady case.

The functions Crg, as well as the skin friction law, do not
play a role in the study of the properties of the global
equations because they do not involve derivatives of bound-
ary-layer parameters. Therefore, they are not given here.

With the aid of the previously given set of closure
relationships the number of the main unknowns is reduced to
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two. If we choose 8, and 0, the global equations will be

*' 36 a0
39, ii—l+(H*—HH*’)£

H 6x+ u, ot

H*-HH*' 40
L7 T

— = 18
” 5 B 18
185, @
LTI L 19
u, at  ax (19
with
oo 0Thdue L Cp 0(H+2)du, b 0u,
Im7Es u, ox 272 u, Ox ulat

Equations (18) and (19) constitute a system of first-order
partial-differential equations for 8, and . The characteristic
equation is of the second order for the reduced quantity
A=dx/u,dt;itis

N(H*—HH*')+NI-H*+H*' (I+H)]-H*" =0 (20)

We can calculate the roots of Eq. (20) explicitly by using the
simplified relationship H* (H)

=+ H-DVa/(I+a)I/H @2n
N=[I-(H-1)Va/(I+a)|/H 22)

Therefore, in the domain H> 1, the following conclusions
can be drawn. 1) Since there are always two real, and distinct,
characteristic directions, the system is hyperbolic. 2) One of
the characteristic values (A;) is always positive. Moreover A,
is close to 1:0.62<\,; <1. 3) The other characteristic value
(A;) is positive when H<H_; \, is negative when H>H_.
The point H=H_ (H.=2.6) is defined by the condition
H*’ =0and it can be identified with the point C,=0.

Thus, the point H=H, is not generally a singular point in
unsteady flow. The change of sign of A\, when H becomes
greater than H_ is reflected by an influence from downstream
to upstream. The meaning of this influence is very clear
because it is related to the occurrence of reverse flows.

The characteristic line corresponding to A, plays a key role
in the definition of singularities. This role is very similar to
that of the wall streamlines (which are also characteristic
lines) in the three-dimensional case. We have shown, with the
aid of various calculations,” that this characteristic family
gives rise to a focusing in particular circumstances. The result
is a line across which certain boundary-layer quantities are
discontinuous.

An example of computed results is given in Fig. 6 where the
two families of characteristic lines are drawn. The zero skin
friction points are those for which the tangent to the \,-
characteristic line is parallel to the time axis. It can be noted
that these points are free of singularity. The characteristic
lines converge for the higher values of time and finally form a
discontinuity line. These results have been obtained with an
integration scheme of the predictor-corrector type and have
been confirmed by integrating the equations with the method
of characteristics. The comparison of Figs. 5 and 6 shows a
rather spectacular resemblance and there is undoubtedly a
strong analogy between the two cases.

Obviously, the existence of a discontinuity line is not
physically possible. Moreover, in the course of the formation
of this line, the derivative of §,, for example, as well as the
value of the velocity normal to the wall, becomes very large.
Thus, one could think that the boundary-layer hypotheses
themselves are no longer valid. However, as in the steady two-
dimensional case, such a conclusion would be premature. In
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Fig. 6 Unsteady two-dimensional turbulent boundary layer. Plot of
the characteristic lines (—\A;---A,). Example of calculation with
singularities in the direct mode.

effect, a similar situation is observed in two-dimensional flow
when approaching the singular point H=H_; the derivative of
8, increases until it is infinite at the point H=H_. It is known
that the difficulty is an inherent feature of the direct mode
and that it is avoided by using an inverse method. We have
also shown that, in unsteady flow, the inverse mode enables
us to prevent the occurrence of any singularity.® In addition,
it is probable that the formation of a discontinuity line is a
signal that reveals that a strong coupling with the nonviscous
flow is needed.

In the three-dimensional case, the convergence of the wall
streamlines can also lead to a discontinuity line. Obviously
such a discontinuity is physically meaningless. It is, once
more, an intrinsic difficulty of the direct mode. As has been
demonstrated in the unsteady two-dimensional case, it is
thought that these difficulties are avoided in the inverse mode
and that the validity of the boundary-layer equations is not
necessarily questionable. We do not have an example of three-
dimensional calculation displaying a discontinuity. However,
we are going to show the possibility of this eventuality.

First of all, let us note that the boundary-layer equations
can be written in a quasiconservation form that is a necessary
condition for the existence of a weak solution. From Egs.
(1-3) we get

80y 90, _Cy o, <H+2 du, _K1>

as on 2 u, 0s
2 Ou 1 du
—o,z(u—e e _2K,) —52(—6 e K,)=Kib (23)

a0 ae C 29
o "i—en(__ui_ZKI) —K,0,, (H+1)

as on 2 u, 0s
2 du,
0, (=2 -k, ) 24)
e
—5,) 85 19
20°0) Py (o8 (12 k)
s on u, os
13
+62(u— al;e —K2> 25)
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By using the simplified closure relationships [Eqgs. (4) and (5)],
the preceding equations are written as

a9, d
—[C — =C 26
as an (€0, (H=D] ! 26)

3 a
g(—C0,1)+a[-—CZBH(H—I)]=C2 (27)

9 a
g((),,H*)+a—n(C011H)=C3 28)

Let us assume that a discontinuity line exists and let o be the
angle between this line and the external streamline. Equations
(26-28) involve the conservation of certain quantities through
the discontinuity line. To express this, let us note the quan-
tities on each side of the discontinuity line by the subscripts a
and b. We get
{0,,sinc—C8,, (H—1)cosa}, =[0,,sinc—C8,, (H—I)cosa],
(29)
[C8,,sinc—C?8,, (H—1)cosol,
=[C8,,sine—C?0,,(H—1)coso], (30)
[8,,H*sine—C8,,Hcosa] , = [0,,H*sinc—~C8,,Hcosa], (31)
Dividing member by member Egs. (29) and (30) on the one
hand and Egs. (29) and (31) on the other, we get

c,=C, (32)

[ H*sino— CHcoso ] _ [ H*sino— CHcoso ] 33)
sino— C(H—1)coso ,,— sinc—C(H—1)cosald,

If the values H,, C,, and o are assumed to be known, Eq.
(33) is an equation for H,. Taking into account the
relationship Eq. (4), this equation is of the second order for
H,. Now, at least one root exists since H, =H, is a solution.
In general, a second distinct root exists and a discontinuous
solution is thus possible.

III. Development of an Inverse Method for
Three-Dimensional Turbulent Boundary Layers

A great variety of inverse methods can be invented ac-
cording to the choice of the prescribed functions. However,
we must bear in mind that one of the ultimate objectives is the
inclusion of the inverse method in a coupling technique. In
order not to deviate too much from this line, it is worthwhile
examining a few possible solutions which are compatible with
this aim.

Matching Equation, Displacement Thickness

A coupling method consists of calculating the viscous and
inviscid flows simultaneously by imposing matching con-
ditions between them. Two conditions are needed, one for the
velocity parallel to the wall and the other for the transverse
velocity. As a first approximation, the first condition is that
the inviscid velocity at the wall is equal to boundary-layer
edge velocity parallel to the wall. However, let us note that
better approximations can be used.? The second condition
concerns the velocity normal to the wall or, equivalently, the
direction of the velocity vector with respect to the wall. To get
this condition, it is shown later that the entrainment equation
is combined with an expansion of the inviscid flow within the
boundary layer determined by means of the local continuity
equation written for the inviscid flow. Such a method is
approximative? but sufficient for our purpose.

ATAA JOURNAL

Generally, one needs to work in an arbitrary axis system.
Let £ and ¢ be the coordinates parallel to the surface and y the
perpendicular axis. Furthermore, u, and p, are the metric
elements in the £ and { directions. The metric element in the y
direction can be taken as 1 according to the boundary-layer
hypotheses. \ is the angle between the £ and { axes. U, and
W, are the external velocity components in the £ and {
directions. In this system, the local continuity equation is

op 0 (q d /q ad .
—+ —={— U)+—<—pW>+q—pv=0, q=p;p,Sink
Tor "ot \u,*7) " oc \ s a k2

(34

With Eq. (34) and a Taylor series expansion, the external flow
is extended within the boundary layer. If the wall curvatures
are small enough with respect to the boundary-layer
thickness, we can assume that, for the extended flow, the
density and the streamwise velocity are constant and equal to
their values, p, and u,, respectively, at the edge of the
boundary layer. For the extended flow, let v, be the velocity
normal to the wall at any point y. A Taylor series expansion
of v around y =6 gives

0y§05+ (y—90) (z_f:)y:B

The term (90/dy) ,_; can be expressed from Eq. (34) and we
get ,

R )

u, u, pelq as 1]
I8 (qo,W 19
2 (qu I ) pe] 35)
peueq a;‘ ] peue at

At the edge of the boundary layer, the velocity 0, is also
equal to the velocity obtained from the entrainment equation.
This equation is

vs _ U, 3

ue uel‘l 85 .ue/'L2 ag‘ peueq

WI @_ 1 l:a (peq

- (UIB—ueA1)>
7]

¢

d (0.9 )] 1 9 196
+— (= (W,6—u,A —p (8, —8) + — —
a;(uz Wib=uela) ) |+ PO =0+ 5,

(36)

with

sp U, —pU

A= S pe_I_de
0 Pl

é
50=5 (I—i)dy
0 P

e

The matching equation is obtained by combining Egs. (35)
and (36). The matching point must now be specified, i.e., the
value of y. Let us examine two cases: 1) y =8* where 6* is the
displacement thickness, and 2) y =0, coupling at the wall.

In the first hypothesis, we need to define the displacement
thickness. Lighthill!’> has proposed several interpretations
that lead to the same definition but the formulation has been
given in a streamline coordinate system. The generalization to
an arbitrary axis system in unsteady flow results in the
following differential equation for defining 6*:

<p"q (6*W,—A2ue)>
1253

13<pq 19
- — (== (U —Au))+——
g I \p, AN TS

9P _

3
2 (0.5 )= 37
o o (Pe%) =0 )
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Thus, the matching equation written at y=46* is

g, U, 886* W, 36
= + (38)
ue ue:“] 65 uel‘g ag‘

If x and z are the axes of a streamline coordinate system and
h, and h, the corresponding metric elements, Eq. (38) can be
written as

Uge  006*
u, h,ox

(39

This equation shows that the displacement surface is an
impermeable wall for the inviscid flow.

The second case, coupling at the wall, can be interpreted
rather as a wall transpiration condition given by

:_0 — 1 i <peuqu1 ) + 1 i <peuqu2>
Uy Pelied O8Ny Peieq IS\

d
= 40
- (0.8,) (40)

e’e

In most of the applications the two matching conditions
[Eq. (39) or (40)] should lead to nearly equivalent numerical
results. However, the numerical treatment of the inviscid
boundary condition is not the same. In the first case the
displacement surface is a streamsurface, whereas in the
second case we have a transpiration condition at the wall.

The examination of the two coupling possibilities shows
that the thicknesses §, and 8, play a key role. Let us note,
however, that it is not equivalent to prescribing the
distributions 9, (x,z) and 6, (x,z) or simply that of v;. (x,z)
or v,(xz). Nevertheless, the construction of the inverse
method is easier if the distributions of §,(x,z) and §,(x,2)
are given. We have opted for this because our present aim is
not to construct a coupling method but, more simply, to
obtain a calculation code to control certain hypotheses or
closure relationships in separated regions.

Proposed Method and Application

A three-dimensional separation does not necessarily involve
streamwise reversed flow, but the direct mode becoming
singular, it is necessary to use the inverse mode to study a
separated zone even without reversed flow. When no negative
streamwise velocity exists, there is no reason for the
previously proposed closure relationships? to be not ap-
plicable although they have not been studied for separated
regions. At the present time our closure relationships are
limited by the point Cy =0. Since the application case is
within this framework, we have simply used the existing
relationships.

We have tried to analyze the system of equations in the
inverse mode in the same way as in the direct mode. The
equations are those of entrainment and global momentum
Egs. (1-3), the prescribed functions are §,(x,z) and §,(x,z),
and the main unknowns are the momentum thickness 8,, and
the two components of the external velocity. To study the
properties of the set of equations we form the characteristic
equation again. Obviously, this equation is different from the
one corresponding to the direct mode since the unknowns
have been changed. We are led to a third-order equation
which seems difficult to study analytically and we shall not
give general conclusions.

We shall restrict ourselves to the presentation of the results
obtained for the computed application case. This case (Fig. 7)
is an experiment on a boundary layer developing over an
“infinite swept wing.””!6 Actually, the boundary layer is
studied on a swept flat plate with a pressure distribution
induced on it by a suitably shaped body near the plate. Very
detailed boundary-layer measurements are available: mean
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Fig. 7 Three-dimensional turbulent boundary layer; application of
the inverse method; calculation data.
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Fig. 8 Three-dimensional turbulent boundary layer; application of
the inverse method; comparison with the experiment of 8, and H.

velocity profiles at stations 1-10 (Fig. 7) and profiles of the six
components of the Reynolds stress tensor at stations 4, 5, 7, 9,
and 10. As indicated by the results, we can assume with a
good approximation that the flow does not vary along the
direction parallel to the leading edge.

Although two boundary-layer thicknesses 8, and 8, (Fig. 7),
are used as given data, the comparison with the other ex-
perimental boundary-layer parameters is not irrelevant.
Indeed, all the boundary-layer parameters cannot be derived
from two of them because the closure relationships keep three
parameters independent. Thus, it is worthwhile comparing the
boundary-layer parameters other than 6, and 8, in order to
control the closure relationships.

Figures 8-10 show that the agreement between calculation
and experiment is excellent except, perhaps, for the skin-
friction coefficient. It can be seen that the agreement is ob-
served even near the separation line located between stations 8
and 9. In the case of an infinite swept wing, the separation line
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Fig. 9 Three-dimensional turbulent boundary layer; application of
the inverse method; comparison with the experiment of 8,,, 6,, and
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Fig. 10 Three-dimensional turbulent boundary layer; application of
the inverse method; comparison with the experiment of ¢, and .

is observed when the wall streamlines become parallel to the
leading edge. If « is the direction of the external streamline
with respect to a line normal to the leading edge, this con-
dition will be a+B,=90 deg. It should be noted that a
singularity would occur in a calculation in the direct mode if
this condition were fulfilled. In the inverse mode, the result is
different since no singularity is noted along the separation
line: the wall streamlines tend asymptotically toward the
separation line.

Figure 11 gives the comparisons of the modulus of the
external velocity and of its angle o with respect to a line
normal to the leading edge. The hypothesis of infinite swept
wing implies that the component of the external velocity
parallel to the leading edge is a constant. Although this
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Fig. 11 Three-dimensional turbulent boundary layer; application of
the inverse method; comparison with the experiment of the external
flow.

condition is not introduced in the calculations, the results
agree with it very well. The agreement obtained for the
velocity modulus seems satisfactory, too. Obviously, it would
be interesting to carry out such comparisons for other ex-
perimental cases in which the separated region would be more
extended. Unfortunately, to our knowledge, such experiments
with sufficiently detailed boundary-layer measurements are
not available.

IV. Conclusions

The analysis of the properties of a system of global
boundary-layer equations has shown the eventuality of the
occurrence of singularities in calculations in the direct mode.

In the steady two-dimensional case, the singularity is
defined by zero skin friction and is reflected by infinite values
of the derivatives of certain boundary-layer parameters. In
fact, it is a degenerate form of the singularities that can occur
in the steady three-dimensional case or in the unsteady two-
dimensional case. In these latter two cases, the point C,=0is
no longer the signal of a singularity; this point simply in-
dicates a change in the orientation of the boundaries of the
domains of influence and of dependence.

In the steady three-dimensional or unsteady two-
dimensional cases, the hyperbolicity of the equations and the
existence of weak solutions can lead to discontinuous
solutions. Therefore, a strong analogy exists between the two
cases. However, we have been able to give a physical meaning
only in the three-dimensional case to the characteristic lines
that are the source of difficulties; with a few minor
hypotheses, it has been shown that the characteristic line,
which is likely to lead to singularities, is identifiable with a
wall streamline.

In all the cases, the singularities lead to physically
meaningless configurations and it would be wrong to interpret
them as separation schemes, particularly in the three-
dimensional case. However, these difficulties are not an
argument for claiming that the boundary-layer equations are
no longer valid in the vicinity of separation. By using inverse
methods, we restore to the singular configurations of the
direct mode the features of regularity which are physically
needed.
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